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Abstract

Knowledge about the thermodynamic properties of a polymer solution is essential to its applications. These properties are derived on the
basis of a statistical mechanics approach by modifying the classic Flory—Huggins theory in this study. The analytical result derived is fitted to
the available experimental data such as toluene—polystyrene and benzene—silicone polymer solutions in the literature, and its performance is
satisfactory. We show that the inconsistency between the Flory—Huggins theory and experimental observations for many polymer solutions
might arise from the negligence of the effects of the free volume fractions of solvent and polymer and the change in the disorientation entropy

of polymer molecules.
© 2003 Elsevier Ltd. All rights reserved.
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1. Introduction

Knowledge about the behaviors or the thermodynamics
properties of a polymer solution is essential to its
processing. Reliable analytical expressions which are
capable of predicting these information are both desirable
and imminent for applications in modern high technologies
such as photoresist engineering [1—3], plastic optical fiber
fabrication [4-6], and imaging focus elements [7—10], to
name a few. Among various available results for a polymer
solution, the well known Flory—Huggins theory [11]
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Zp
is widely adopted, where u, and u are, respectively, the
chemical potential of solvent in polymer solution and that at
its pure state, ¢ is the volume fraction of solvent, z; is the
ratio of the volume of each polymer molecule to that of
solvent molecule, and y is the Flory—Huggins parameter or
the susceptibility, which is responsible for the difference of
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intermolecular forces between pure state and mixture.
Parameters z, and x can be derived by

M/p
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In these expressions M, and M, are, respectively, the
molecular weights of polymer and solvent, p, and py are,
respectively, the densities of polymer and solvent, Z is the
coordination number of each polymer unit and solvent
molecule, k and T are, respectively, the Boltzmann constant
and the absolute temperature, and &,, &, and g, are the
intermolecular potential energy of solvent molecule-poly-
mer unit pair, solvent molecule-solvent molecule pair and
polymer unit—polymer unit pair, respectively. Here, a
polymer unit is defined as the part of polymer of which
volume is equal to that of solvent molecule, and is different
in usual from the monomer of polymer. The coordination
number of each polymer unit and solvent molecule is taken
as the number of the nearest polymer units and solvent
molecules’ surrounding them, and it is assumed to be
constant throughout the solution. Flory [11] suggests that x
ranges from 0.3 to 0.8.

The Flory—Huggins theory expressed in Eq. (1) is based
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on the permutation calculation of polymer molecules
arrangement in an artificial lattice model. According to
the assumption made by them, y is a weak function of
polymer concentration by its definition as Eq. (1b).
However, for most of polymer solution, the value of y
is found to vary a lot with the content of solvent added,
except for a few polymer solutions, e.g. the rubber—
benzene system [12,13]. Some modification in permu-
tation are proposed [14—18], for example the Miller’s
result [16]:

0
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Unfortunately, the improvement made by these works is
found to be limited, and in which the estimated values of Z
are unrealistic in usual [19,20].

The enthalpy change of a polymer solution on mixing is
usually estimated by calorimetric measurements. Exper-
imental evidence reveals that the absolute value of y
deduced directly from the mixing heat is much smaller than
that obtained directly from Eq. (1), and it is insensitive to the
variation of the concentration of polymer solution [21]. This
implies that in Flory—Huggins’ theory, the expression for
the entropy change on mixing is inadequate. Several
attempts were made to correct the contribution of the
entropy part of the free energy change on mixing. For
example, the UNIFAC method, which is a semi-empirical
theory for the estimation of the activity coefficient based on
a group contribution method, was widely used [22,23]. A
rule common to previous works is the additive property of
entropy change contributed by combinatorial, AS,, and the
contribution arising from the changes in both the interaction
force and the free volume, AS,, the residual contribution.
We have

ASmix = ASC + ASr (3)

where AS,;, is the total entropy change on mixing. The
combinatorial part, AS,, is responsible for both the effect of
the sizes of molecules and that of their shape, and can be
described satisfactorily by Flory—Huggins’ theory. In
general, the contribution of the change in free volume to
AS, is more significant than that of the change in the
interaction force. An important correction for the contri-
bution of the change of free volume to the entropy change on
mixing was proposed by Elbro et al. [24]. Based on the
result of Hildebrand [25] for a regular binary system, they
suggested that the effect of the difference in the free volume
of polymer and that of solvent on the entropy change on
mixing for a polymer solution should be considered. The

analytical expression derived by Elbro et al. [24] for the
entropy change of a polymer solution was widely adopted in
relevant studies [26,27]. The free volume adopted by Elbro
et al., however, is inappropriate because it was over-
estimated. In this study, the entropy change of a polymer
solution is derived based on a statistical mechanics approach
taking the size distribution of polymer molecules into
account. The applicability of the result derived is justified
by examining the available experimental data in the
literature.

2. Model
Kirkwood [28] proposed the following configuration

partition function for a solvent having N, indistinguishable
molecules:

N,
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where oy is a correction factor for solvent, V, and r; are,
respectively, the total volume of solvent and the position
vector of molecule i, U is the total potential energy of
solvent, which depends only on the positions of molecules,
ri, i=1,2,--- N, and V), is the mean free volume of
solvent, i.e. the total free volume of solvent divided by N;.
o, has the meaning of the extent of sharing the free
volume between molecules, and it ranges from 1 for
perfect gas to (1/e) for perfect crystal solid. Eq. (4a) can
be interpreted as that each solvent molecule moves
through a free volume O'SNSV?’S in an average potential
field of strength Zey. The potential field arises mainly
from the presence of the nearest molecules. The
contribution by other molecules to this field is taken
into account by considering the coordination number.
For that reason, the coordination number Z should be
interpreted as an effective, but not exact, coordination
number. Following the ideal of Kirkwood, the configuration
partition function of N, different-sized, distinguishable
polymer molecules can be expressed as

Ny

N
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where z,; is the volume ratio of i polymer molecule to
solvent molecule, oy is the correction factor for
polymer, and v?’u is the mean free volume of polymer
unit, i.e. the total free volume of polymer divided by
D.i~1 Zpi- Because except at an extremely high tempera-
ture, both oy and o, remain roughly constant [29], and
the effect arising from the non-random mixing is
scarcely significant [17,18], the configuration partition

function for mixing N, solvent molecules with N,
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different-sized polymer molecules under zero excess
volume is

with M, being the number-averaged molecular weight of
polymer molecules. According to the definition of volume

Ny
N, N, NZ[bseg + (1 — deg] + (Z = D) dseg, + (1 — dy)ey] Zzpi
~ 05 0p _ p
Ops =~ XP 2T

N, Ng+N,
X Nsvf,s + vf,u Zzpi

i=1

where v¢ and vg, are, respectively, the contributions to the
free volume from each solvent molecule and each polymer
unit, and depending upon the magnitude of the intermole-
cular force between solvent molecule and polymer unit,
these parameters may vary slightly on mixing. Eq. (5) is an
extension of the configuration partition function for small
molecule liquid mixtures [29], and it implies that the free
volume is of additive nature. The numerator of the
exponential term on the right-hand side of Eq. (5) suggests
that the possibility of finding a solvent molecule or polymer
unit near a specified solvent molecule or polymer unit is
proportional to their volume fractions in a polymer solution.
Suppose that the internal partition functions of solvent and
polymer, including the disorientation (or rearrangement)
partition function of polymer molecules, are not altered on
mixing. Then based on statistical thermodynamics the
change of entropy on mixing can be expressed as

0 ¢ ln( QQS )
_ ps s<p
AS, =k ln(—QS o ) AT 2 (6a)

VNN,

where V is the total volume of polymer solution. It should be
pointed out that the assumption of constant disorientation
partition function might not be appropriate for extremely
dilute solutions. Because the second term on the right-hand
side of this expression is small compared to the first term,
we have, by using Eqs. (4a) and (5) and assuming vy, = vgs
and vg,, = v(f{u for zero excess volume,

AT
ASpix = —k| Ny In %
Nevi s + NpZpvpy

. (6b)
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Based on Egs. (6b) and (6d), the molar entropy change for
polymer solution is

B Y R S
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where x, is the molar fraction of solvent, and
0
— Y _ Ji (7a)
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N A

/s and f, being, respectively, the free volume fractions of
solvent and polymer. Eq. (7) is similar to that obtained by
Hildebrand [25], except that the size distribution of polymer
molecules was not considered in the latter. Other thermo-
dynamic properties of the polymer solution can be derived
in a similar way. It can be shown that, by neglecting the
change of volume on mixing,

Aﬂmix = AEmix = RTXxs(l - (l’)q)

~MXTE T he, ®

= AAmix = Aﬂmix -

A Qmix TAgmix

s T
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) A= Iy
+(1 xs)ln[ s+ (1 — Py ]} v

In these expressions, AH v, AEixs AGnix and AA, are,
respectively, the molar changes of enthalpy, internal energy,
Gibbs free energy and Helmbholtz free energy of polymer
solution on mixing, and y is defined in Eq. (1b). The
chemical potential change of solvent in a polymer solution
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can be derived from the change of Gibbs free energy of
mixing, AG,;y, as

aAGm-
M /"LS NAV ( = )
T.p

Ny ),
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+ x(1 — ¢s>2} = RT[ln &,
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where in Eq. (10), N,, is the Avogadro’s number, ¢, =
by/ls + (1 — y)eyl, and ?p = a,sZp- The molar changes
of enthalpy and entropy for solvent due to mixing, AH, and
Ags, can be expressed, respectively, as

AH, = RTx(1 — ¢,)* (10a)

and

AS, = —R[]n ¢>’s+(1 - i)(1 —¢>’S)] (10b)
%

Eq. (10) was used by Elbro et al. [24] to estimate the activity
of solvent in a polymer solution; the entropy change in their
expression was proposed by Hildebrand [25]. The result of
Hildebrand was based on a probability consideration and, as
pointed out previously, the size distribution of polymer
molecules was not considered in his analysis, and therefore,
the derivation was based on a constant molecule size. On the
other hand, the present analysis is based on the size
distribution of polymer molecules, that is, it is more
mathematically rigorous and realistic than that of Hildeb-
rand [25]. Note that the Flory—Huggins theory, Eq. (1), can
be recovered as a special case of Eq. (10) by letting o, = 1,
and hence ¢, = ¢, and 7, = Z,.

3. Results and discussions

For a solvent vapor, we have

e — md = RT In(p/pY) (11)

where p, and p? are, respectively, the vapor pressure of
solvent for the case of a polymer solution and that for the
case of pure solvent (Table 1). Eq. (11) is applicable as long
as the deviation of the behavior of solvent vapor from that of
ideal gas is insignificant. The applicability of the present

Table 1
Physical properties of toluene—polystyrene polymer solution at 25 °C

Toluene Polystyrene
p? (glem?) 1.063
M; (g/mole) 92.14
Density (g/cm?) 0.862 1.083
M, (g/mole) 290,000
T, (K) 372.15

model is justified by fitting it to two sets of experimental
data reported in the literature. The first set of data is for a
toluene—polystyrene polymer solution where the heat of
mixing is negligible, which implies that y = 0. The
experimental data and the results predicted by the present
model are shown in Fig. 1. Here, the value of a is
estimated based on Egs. (10) and (11) through fitting the
experimental data of solvent vapor pressure at various
concentrations. The results based on Flory—Huggins theory,
that is, o, = 1, are also presented in Fig. 1 for comparison.
Fig. 1 reveals that if the heat of mixing is negligible,
appreciable improvement can be made by adopting the
present model. The second set of data is for a benzene—
silicone polymer solution where the heat of mixing is
important. The experimental data for the heat of mixing are
illustrated in Fig. 2, along with the results calculated from
Eq. (8) (Table 2). The estimated values of y for each silicone
are listed in Table 3. The experimental data for the solvent
vapor pressure are presented in Fig. 3, together with the
results obtained from Eqgs. (10) and (11), and from Flory—
Huggins theory. The estimated values of a, are summar-
ized in Table 3. Fig. 3 indicates that both the performance of
the present model and that of Flory—Huggins theory are
satisfactory for the case of benzene-silicone polymer
solution. This is also reflected by that the estimated a,
shown in Table 3 is close to unity.
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Fig. 1. Variation of (py/p?) as a function of ¢, for toluene—polystyrene
polymer solution at 25 °C. Discrete symbols, experimental data of Bawn
etal. [19], curve 1, present result based on Egs. (10) and (11), curve 2, result
based on Flory—Huggins theory.
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Fig. 2. Variation of AH ;, as a function of ¢, for benzene—silicone polymer
solutions at 25 °C. Discrete symbols, experimental data of Newing [20],
solid curves, present results based on Eq. (8). +, DC 500 10 cstks.; o, DC
500 50 cstks.; x, DC 200 350 cstks.; curve 1, DC 500 10 cstks.; 2, DC 500
50 cstks.; 3, DC 200 350 cstks.

To judge if the estimated value of a; is reasonable, the
knowledge about the free volume contribution from both the
solvent and the polymer need to be known. The free volume
defined in Egs. (4a) and (4b) is called the fluctuation free
volume. For liquid phases, this quantity is much smaller
than the empty free volume [30], which was adopted by
Elbro et al. [24]. In general, the fluctuation free volume is
close to the expansion free volume, which can be estimated

fi=1-5 (12a)

where p? is the density of supercooled solvent at
0 K. Because the fluctuation or expansion free volume of
polymer is very limited in the literature, the free volume
derived from a relaxation time analysis conducted by
Williams et al. [31] is adopted. The free volume fraction of
polymer beyond its glass temperature 7, can be estimated
by

f,=0.025+ oy (T = Ty) (12b)

where ar is the expansion coefficient of the free volume
fraction of polymer. For polymer at a temperature below T,

Table 2
Physical properties of benzene—silicone polymer solutions at 25 °C

Benzene DC 500 DC 500 DC 200

10 cstks. 50 cstks. 350 cstks.

P2 (g/lem?) 1.097
M (g/mole) 78.11
Density (g/cm®) 0.873 0.999 0.989 0.976
M, (g/mole) 1140 3850 15,700
T, (K) 1445 148 149.5
ar, (1074 K™ 45 45 45

Table 3
Estimated parameters for each polymer solution at 25 °C

X Ops Ye

Toluene + polystyrene 0 0.685 5.179
Benzene + silicones DC 500 10 cstks. 0.742 1.063 2.307
DC 500 50 cstks. 0.713  0.902 1.991
DC 200 350 cstks.  0.688  0.931 2.070

since the free volume varies very slightly with the change in
temperature, we assume that fp =0.025for T < T,. There-
fore, a correction factor 7., which can be used to judge if an
estimated value of a, is reasonable, can be defined as

- Yps - (12)
[0.025 + aTg(T = TN — ps/py)

Ye
If Egs. (12a) and (12b) are appropriate, then 7y, should close
to unity. The huge size of polymer molecules implies that its
mean free volume is much less than that of solvent, and,
therefore, it is expected that Qlps should be much smaller
than unity. The values of a,; and v, shown in Table 3,
however, are much larger than expected. One possible
reason for this is that the change of the disorientation
entropy of polymer molecules is ignored in the present
analysis. When a polymer is diluted with a solvent, the
obstacle for the orientating of polymer molecules is reduced
considerably, and the disorientation entropy of polymer
molecules increases considerably. Therefore, the total
entropy change on mixing increases, and becomes larger
than expected. Fig. 4 implies that the value of «p, and
therefore v,, estimated from AS,;, will be overestimated.
The value of «, used by Elbro et al. [24] is on the order of
0.8, which is also too large for many polymer solutions.
Note that a, is overestimated as unity in Flory—Huggins
theory. Table 3 reveals that the change in the disorientation
entropy on mixing for the polymer solutions examined is
significant, which is ignored in previous studies.

4. Conclusion

In summary, the classic Flory—Huggins theory, which is
based on an artificial lattice structure, for the chemical
potential of a polymer solution is modified. We conclude
that the effect of the disorientation entropy change of
polymer molecules on mixing should be considered, or it
needs to be combined with the effect of the free volumes of
constituent solvent and polymer in a polymer solution, in the
determination of its thermodynamic properties. We show
that using the number-averaged size of polymer molecules
to estimate the thermodynamic properties of a polymer
solution is sufficient, knowing the exact size distribution is
unnecessary. Through fitting available experimental data in
the literature, we show that the performance of Flory—
Huggins theory can be improved considerably by adopting
the present model. Also, it should be pointed out that,
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Fig. 3. (a) Variation of (py/p?) as a function of ¢, for benzene—silicone DC 500
10 cstks. polymer solution at 25 °C. Discrete symbols, experimental data of
Newing [20], curve 1, present result based on Egs. (10) and (11), curve 2, result
based on Flory—Huggins theory. (b) Variation of (p,/p?) as a function of ¢, for
benzene—silicone DC 500 50 cstks. polymer solution at 25 °C. Discrete symbols,
experimental data of Newing [20], curve 1, present result based on Egs. (10) and
(11), curve 2, result based on Flory—Huggins theory. (c) Variation of (p,/p?) as a
function of ¢, for benzene—silicone DC 200 350 cstks. polymer solution at 25 °C.
Discrete symbols, experimental data of Newing [20], curve 1, present result
based on Eqgs. (10) and (11), curve 2, result based on Flory—Huggins theory.

20 T T . .

18} ]
16} .
1af 2 1
12} ]

(Joule/mole.K)

A§mix
© o

[2]
T
-
L

Fig. 4. Variation of AS,;, calculated by Eq. 7 as a function ¢ for toluene—
polystyrene polymer solution for various , at 25 °C. Curve 1, e, = 0.1,
2, ap =0.5, 3, aps = 1.0.

although the performance of the present model in predicting
experimental data maybe comparable to that of other model,
the former is theoretically sounder.
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